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We give the complete classification of all binary, self-dual, doubly-even (32, 16) 
codes. There are 85 non-equivalent, self-dual, doubly-even (32, 16) codes. Five 
of these have minimum weight 8, namely, a quadratic residue code and a Reed- 
Muller code, and three new codes. A set of generators is given for a code in each 
equivalence class together with its entire weight distribution and the order of 
its entire group with other information facilitating the computation of permuta- 
tion generators. From this list it is possible to identify all self-dual codes of 
length less than 32 and the numbers of these are included. 
The word code is used to mean binary linear code-that is, a subspace of 
the linear space (F,)“. The dual code refers to the orthogonally complementary 
subspace (under the usual inner product), and a code is selfdual when it 
coincides with its dual. The most interesting self-dual codes have the further 
property of being doubly-even, meaning that every code word has weight a 
multiple of 4. In this paper we enumerate the 85 inequivalent doubly-even 
self-dual codes of length 32, and we show how it is easy to read off from this 
list all the self-dual codes of length 30 or less. 
There do not seem to be many complete enumerations of interesting 
classes of codes in the literature. Reference [7] enumerates all the self-dual 
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codes of length 20 or less, and this is extended in Ref. [8] to length 24. 
Conway (unpublished) first found the 9 (24, 12) self-dual, doubly-even codes. 
The present paper therefore includes the results of this previous work. 
However, it will become clear that it would have been extremely difficult to 
complete the present work without making extensive use of the results in [S]. 
As regards ternary codes, Pless finds in [6] that there are just three inequiv- 
alent ternary self-dual codes of length 12, and in [4] Mallows, Pless and 
Sloane find all maximal self-orthogonal ternary codes of length up to 12. 
EQUIVALENT AND INEQUIVALENT CODES. NUMBERS OF CODES 
If C is a code of length n, and 7~ is a permutation of the n positions of C, 
then by applying 7~ to C we get a code c?, which may or may not be exactly 
the same code as C. If Cn = C, we call 7~ an automorphism of C, and in any 
case we refer to C and Cfl as equivalent codes. If g is the order of the group of 
all automorphisms of C, then, of course, there will be exactly n!/g distinct 
codes equivalent to C. 
Our aim, of course, is to find a representative code from each equivalence 
class. We can now outline our basic strategy. 
Using elementary techniques from linear algebra, we can fairly easily 
find the total number N of codes (inequivalent or not) that satisfy various 
conditions. If we can then locate by any means whatever (not excluding 
divination!) a number of inequivalent codes C1 , C, ,..., C, satisfying those 
conditions, with group orders g, , g, ,..., g, for which 
!g+g+ . . . + 2 = N, 
then we have automatically proved that C, , C, ,..., C, are a complete list of 
inequivalent codes satisfying the given conditions. 
As an example, we consider the doubly-even, self-dual codes of length 16. 
Two such codes are fairly easy to find, namely the ones we call e, + e8 and 
dla(a). (The notation will be explained later.) These have automorphism 
groups of orders 2133272 and 214325 * 7. On the other hand, the total number of 
doubly-even subspaces of (F,)la that are their own orthogonal complements is 
given by the product 2 . 3 . 5 .9 . 17 . 33 . 65. Now the sum 
16!/2’33272 = 5791500 
16!/214325 . 7 = 4054050 
2 . 3 . 5 .9 . 17 . 33 . 65 = 9845550 
shows that e, + e, and dls(a) are, to within equivalence, the only doubly-even 
self-dual codes of length 16. 
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To apply the method efficiently, we shall need ways of counting various 
restricted classes of codes, and ways to evaluate the group orders of the codes 
we know. These tools are provided in the next two sections. 
THE COUNTING FORMULA 
Let C be a length n s-dimensional doubly-even code not including the vector 
1111 *.* 1111, 
or alternatively an s + 1 dimensional code including that vector. 
Then C can be extended to a doubly-even, self-dual code whenever 8 
divides n and in that case the number of such extensions is exactly 
2(2 + I)(22 + I)(23 + 1) *.. (2n’2-s-2 + 1). 
The easy proof, which we do not give, is by counting the number of ways 
of choosing a sequence of extending vectors (see Ref. [3]). 
This formula counts equivalent extensions as distinct, so that in practice 
we use it in a rather roundabout way. As an example, we count the codes 
considered above, but this time we weight them according to the number of 
d,s they contain. Now the code $ is a certain length 8 dimension 3 code, 
whose automorphism group has order 2 4 .4! = 384. When we regard it as 
a length 16 code by adjoining 8 digits 0 to every word, the group has order 
384 x 8! , since the 8 new places can be freely permuted. So the total 
number of length 16 codes equivalent to da is 
16! 
384 x 8! 
= 1351350. 
The number of extensions of any of these to a doubly-even self-dual code is 
2 .3 * 5 .9 = 270 by the counting formula, and so the product 270 x 1351350 
will be the total number of doubly-even codes if we agree to count them 
according to the number of $s they contain. Since an e8 contains just 7 des 
and a d16 just 70, we therefore have the sum 
14 x 5791500 = 81081000 
70 x 4054050 = 283783500 
270 x 1351350 = 364864500 
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GLUEING CODES TOGETHER 
Suppose we have a number of codes C, , C, ,..., C, of lengths n, , n2 ,..., nk . 
Then, of course, we can form their direct sum C, + C, + a*. + C, , of 
length n, + n2 + *s. + nk , whose typical word clcz 4.. c,+ is formed by 
juxtaposing words c1 , c2 ,..., ck respectively chosen from Cr , cz ,..., Ck . 
We are interested in self-dual codes C that include this direct sum and have 
the same length as it. What words w1+v2 ... wk = w  can appear in such 
codes ? 
Since such words w  can be thought of as sticking the component codes 
Cl 3 G ,..‘, Ck to each other, we refer to them as glue words for the direct sum, 
and we say that wl, w2 ,..., wk specify ghie components of w, and say that w1 
is glued to w,w, ..a. 
We illustrate the theory by taking C, , for instance, to be the code d4, 
whose only words are 0000 and 1 I1 I. If w  = abed w2w3 ..* is a glue word for 
some direct sum d4 + C, + C, + ..., then since w  is orthogonal to 
111100000 **. an even number of a, b, c, d must be 1. But we can also see that 
o = 0000 and o’ = 1111 are glued to exactly the same words w2w3 *.*, and 
that similar statements hold for the pairs 
x = 0011 and x’ = 1100, 
y = 0101 and y’ = 1010, 
z = 0110 and 2’ = 1001, 
for the words of each pair are related by adding the code word 1111 of d4 . 
So, to within such additions, we may say that the possible glue components 
for d4 are o, x, y, z, with weights 0,2,2,2. 
In general, we have a perfectly similar situation-the possible glue- 
components for a code C, are specified by the words orthogonal to every 
word of C, , but when two such words are related by adding a word of C, 
they are glued to exactly the same word VQW~ *.I, and so we need not trouble 
to distinguish them, and we therefore say that they specify the same glue- 
component. The distinct glue-components, therefore, correspond to the 
cosets of C, in its dual code CIA, which is the same as saying that they are 
really elements of the dual quotient GIL/C, . The weight of such an element is 
best taken to be the minimal weight of any word in the corresponding coset, 
since it is vital for our enumeration technique that we keep track of the vectors 
of least weight in our codes. From now on, therefore, we shall regard a glue 
word wlwz *.a wk as sufficiently specified by giving representatives for the 
cosets of u’~ ,..., wk in the respective dual quotients CIL/CI ,..., CILL/CI,, and 
will prefer to take representatives of minimal weight. 
Note that any self-dual code containing d4 + C, + .a. will necessarily 
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have as an automorphism the permutation (12)(34) that interchanges the first 
and second, and also the third and fourth positions. The reason is that this 
fixes the vectors o and x, takes y and z to y’ and z’, which specify the same 
glue component in each case. So if, for instance, yw,w, -*a is a code vector, 
so will y’w,w, **a be. For similar reasons (13)(24) and (14)(23) are also auto- 
morphisms. 
AUTOMORPHISM GROUPS OF GLUED CODES 
In a given self-dual C it is often possible to pick out a subcode X (e.g. the 
part of X generated by tetrads of X) that is invariant under all the auto- 
morphisms of C. If X has a direct sum decomposition x’ = C, + 
G + *** + C, we can regard C as obtained by glueing C, , C, ,..., C, 
together. The great value of the glueing method is that it makes it fairly easy 
to work out the automorphism group of C in such cases. 
To see why this is, we consider the automorphism group G of a self-dual 
code C obtained by glueing together components C, , C, ,..., C, . It is essential 
to the method that we assume (what will always be the case in our appli- 
cations) that every automorphism takes the set C, , C, ,..., C, of component 
codes to itself. 
In this case, any automorphism will effect some permutation of the Ci , 
so that G will have a normal subgroup G’ consisting of just those rr for which 
this permutation is trivial. The group of permutations of the Ci that are 
realised in this way we shall call G,--it is isomorphic to the quotient group 
G/G’ of G by this normal subgroup. 
The automorphisms of the normal subgroup G’ will fix each code Cd, but 
might still have non-trivial actions on the glue components of the various C, . 
For example, if Ci is a copy of d4, we might well have an automorphism 
realising the permutation (xyz) of the glue components. The group of 
permutations of the set of all glue components of all Ci that are so realised 
we shall call G,--it is isomorphic to the quotient G’/G, of G’ by its normal 
subgroup G, , which consists of just those automorphisms which fix every 
glue component of every Ci . 
The order of the full group G is therefore the product of the orders of 
three groups G,, , G1 , G, , which are somewhat easier to evaluate. In fact, 
we only need to evaluate G1 and G, for each glued code, since G, (which in the 
majority of cases accounts for almost all of G) is the direct product of smaller 
groups G,, corresponding to the individual components Ci . 
As an example, we compute the group of the code from our list with 
components e, + 6d, . The reader need know about e, only that it is a self- 
dual length 8 code whose G, has order 1344. The GO for d4 has order 4, for it 
consists just of the identity together with the three permutations (12)(34), 
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(13)(24), (14)(23) that we have already noticed. (These are easily checked 
to be the only permutations of 1,2, 3,4 that take x to x or x’ and also y to y 
or y’ and z to z or z’.) From Table III we read off the glue generators 
oxoyxyo oyozyzo ozoxzxo 
oxooyxy oyoozyz ozooxzx 
oxyooyx oyzoozy ozxooxz 
oxxyooy oyyzooz ozzxoox 
oxyxyoo oyzyzoo ozxzxoo 
since the brackets in the expressions ox(oyxyo), oy(ozyzo), oz(oxzxo) indicate 
that we are to perform cyclic shifts on their contents. We also find the glue 
word oooyzzy, by adding the first two words in the first column, and get just 
15 glue words 
oooyzzy ooozxxz oooxyyx 
ooyoyzz oozozxx ooxoxyy 
oozyoyz ooxzozx ooyxoxy 
oozzyoy ooxxzoz ooyyxox 
ooyzzyo oozxxzo ooxyyxo 
in a similar way. There are also 64 - 30 = 34 more glue words, namely 
0000000 oxxxxxx OYYYYYY ozzzzzz 
OX(ZXZYY) OY(XYxzz> 04YZYxx) 
ox(zoxoz) OY(XOY4 OZ(YOZOY), 
but the 30 we displayed in full are exactly those on which just two d4 com- 
ponents are o, and must therefore be an invariant set under the group. 
The first problem is to identify the G, . Let us call the components 
Obviously component A, being of type e8, cannot be mixed in with B, C, D, 
E, F, G which are d4s. We already know that G, contains the permutation 
(CDEFG), which is induced by the cyclic shift, and suspecting that it is as 
large as possible, we try for an automorphism realising (BC), which will show 
that G, is the symmetric group S, permuting the 6 d4 components in all 
possible ways. 
#za/z8/1-3 
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Under such a (BC)-element, the first vector oxoy~yo must be taken to 
something of form oo????o, and so to 5oxyyx0, aoyzzyo, or o5zxxzo. We 
try the first. Now oxooyxy goes to 05x5???, and so necessarily to 5oxoxyy. 
Similarly oyyzozz must go to 5zzx55x, and we conclude that there is likely 
to be an automorphism that interchanges B with C, and then performs the 
permutations 
(Yz) (Y4 (4 (XY> (XY> (4 
on the components 
B C D E F G, 
for this will have the desired effects 
oxayxyo ox55yxy oyyzooz 
I x II/I IX’IIII Ix I I I I 
55xyyx5 5oxoxyy 5zzx55x 
on the glue words we have tested. We need now only check that this works 
on all 15 glue generating vectors to verify that it really is an automorphism, 
so that G, really is S, , of order 720. 
Now for G, ! We observe immediately that the permutation 
identity (xyz) (xyz) (xyz) (xyz) (xyz) (xyz) 
on A B C D E F G 
is an automorphism. Any further G,-element may be multiplied by some 
power of this so as to fix the glue component x of B. But then it takes ox5yxy5 
to oxo???o, which can only be ox5yxy5 again, and so must fix y in D, 
x in E, y in F. We soon see that in fact it fixes every glue component of every 
Ci, and so is in G,, . We conclude, therefore, that the order of GI is exactly 3. 
Since Go-elements may be performed independently on the individual 
components, the group G,, is the direct product of G,,(e,), of order 1344, 
with 6 4-groups G,(d,), and so has order 1344 * 4s = 5505024. The entire 
group G has order 
5505024 x 3 x 720 = 11890851840 
Go G G G 
See how the G0 portion dominates the group order, but is a trivial part of 
the calculation, which mostly concerns the much smaller numbers 1 G1 1 and 
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1 G, 1. We purposely chose a rather complicated example-for most of our 
codes the effect is even more marked since G, and G, often have orders 1 
or 2. 
We have now illustrated the entire calculation process once the codes are 
known. In the next few sections we shall discuss the components we use to 
build our codes, and then in the remaining sections briefly sketch how the 
codes we list were found. These later sections have historical interest only, 
since, of course, the counting formula justifies the entire list, no matter how 
it was produced. 
THE DUADIC CODES dz, 
The code dz, of length 2n is defined as follows. We divide the 2n positions 
into n pairs (the duads), and then for every pair of duads we have a weight 
4 code-word which is 1 on those duads and 0 elsewhere. Since 
1111000000 *** 
1100110000 *.. 
1100001100 ‘*. 
1100000011 ... 
are generators, dz, has dimension n - 1, so that d,‘, must have dimension 
2n - (n - 1) = n + 1, and the glue space d&/dzn has dimension 2, with 
exactly 4 glue components 
0 = 000000 a** 00 
a = 010101 **a 01 
b = 000000 --- 11 
c = 010101 **- 10. 
The indicated representatives have in fact the minimal weights 0, n, 2, n from 
their cosets. 
The smallest case, 2n = 4, is rather special. The group order is 4! and is 
made up of a factor 4 for G, together with 6 for G1 . In this case, we use our 
previous notation o = 0000, x = 0011, y = 0101, z = 0110, and observe 
that G, contains all permutations of x, y, z. 
In the larger cases, 2n > 6, the (2”) tetrads (weight 4 codewords) determine 
the duads by their intersections, so that the group order is 2” . n! . The group 
consists of all permutations of the 2n positions that take duads to duads, 
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and contains subgroups of orders 2” (interchanging the elements of duads) 
and n! (permuting the duads without interchanges). However, some elements 
of this interchange a with c, so that Go has the halved order 2”-l . n! . 
G1 = {identity, (ac)} has order exactly 2 since the glue component b has 
minimal weight 2, and, therefore, cannot be exchanged with either a or c. 
THE REMAINING TETRAD-GENERATED CODES, e, AND e, 
The exceptional code e7 may be obtained by glueing an empty place to a de , 
with 1 in the empty place being glued to the glue component a of dG. 
So it has dimension 3, with generators 
in places we number 
0 111100 
0 110011 
1 101010 
0 316254 
Putting these places in order, and forming linear combinations, we find 
all 8 code-words of e,: 
0123456 
1001011 
1100101 
1110010 
0111001 
1011100 
0101110 
0010111 
and a glue-word d = 0110100. 
Since a can no longer be interchanged with c, the symmetries fixing the 
partition 1 + d, are just G,(d,), of order 22 * 3 ! = 24, but since there are 7 
such partitions 1 + d, the entire group has 7 times this order, namely 168. 
The dual space e,l has dimension 7 - 3 = 4, so the glue space e,l/e, is one- 
dimensional-its only non-zero vector is the vector d of the minimal weight 3 
indicated below the code-words. 
The exceptional code e, may be obtained by extending $ so that it has the 
following generators. 
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11110000 
11001100 
11000011 
10101010 
Here the symmetries preserving the starting d8 are just GO($) of order 
23 .4! = 192, and since it can be checked that there are just 7 d,s the entire 
group order is 7 x 192 = 1344. Since e, is 4-dimensional we must have 
e, = egL, so that it is self-dual, and the only glue component is o. This entails 
that any e, in a self-dual code is a direct summand. 
Every code that is generated by tetrads and contained in its orthogonal 
complement is a direct sum of components dz, , ei , and e, . For otherwise 
consider a maximal dzE,, in a minimal counterexample. Since this is not a 
direct summand there must be some tetrad not in it that meets it. The part 
of this tetrad in positions corresponding to the dzn must form a glue word for 
this dz, of weight at most 4. If the weight is 2, the glue word may be taken as 
b, and we have extended dz, to dzn+” . If it is 3, so that 2n = 6, we can take 
the glue word as a, and have extended d, to e, , whose only further extension 
is by 1 + d to an e, . If the weight is 4, so that 2n = 8, we have similarly 
extended d, to e8, which must be a direct summand in any larger code. 
Our notation for the tetrad codes is adapted from one used by Kneser and 
Niemeier (5) in enumerating lattices. In the lattice case there are lattices A, , 
D, , E, , E, , and E, of which only D,, , E, , and E, are simply related to 
binary codes. 
Whenever possible we take the components we are to glue together to be 
those parts of the unknown code that are generated by tetrads. This ensures 
that the set of components is preserved under all automorphisms, and that 
their structure is well-understood. In cases where the portion of the code 
generated by tetrads is very small, we try instead to find some partition of 
the code places into parts that is known to be invariant for some other reason. 
These other parts may be: 
THE FREE CODES, ,fn 
If some positions contain very few code words, it may well be best to 
regard those places as containing the free code fn , whose only code word is 
the empty word o = 00000 a*.. In this case we letter the 12 places A, B, 
c ,..., N, and have one glue word for each subset of these n letters-thus ABD 
denotes the glue word 110100000 .... Since every automorphism moves some 
glue word, the G, has order 1. 
If the word which is 1 in each of those n positions is a code-word, then we 
can only use glue-words orthogonal to it, or, otherwise expressed, glue 
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components that have an even number of the letters A, B, C,..., N, and any 
glue component is glued to the same words as its complement. 
THE REDUCED GOLAY CODES, gzdwn 
We first describe g,, , a five-dimensional code of length 16 isomorphic to 
the second order Reed Muller code. 
We find it convenient to arrange the 16 places in a 4 x 4 array, and then 
the code words of g,, are precisely the 32 words that are expressible as 
symmetric differences of an even number of rows with an even number of 
columns of the array. 
Thus 
o+o+ 
o+oi- 
+o+o 
+o+o 
is a code-word, being the symmetric difference (sum) of the 2nd and 4th 
column with the 3rd and 4th row. The code g,, has 1 word of weight 0, 
30 of weight 8, and 1 of weight 16. Its dual code g,‘, has dimension 
16 - 5 = 11, and so the glue space, of dimension 11 - 5 = 6, must have 
64 elements. 
For 35 of these the minimal weight is 4, and there are just 4 representatives 
of this weight. The tetrads of g,“G that arise in this way are called the special 
tetrads, and are precisely those sets of 4 points which meet all the rows of 
the array with the same parity (odd or even), and also all the columns with 
the same parity (which may differ from the row-parity). 
Thus 
+oo+ 
0000 
o+ +o 
0000 
is a special tetrad, as are 
o++o 0000 0000 
0000 +oo+ and o++o 
+oo+ 0000 0000 
0000 o++o +oo+. 
Since the sum of any two of these is an octad they specify the same glue- 
component. Such a system of 4 special tetrads is called a quartet. 
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Apart from the 35 glue-components like this, there are 28 for which the 
minimal weight is 6, and for which 16 of the 32 representatives have this 
minimal weight. For one of these 28 glue-components the 16 corresponding 
weight 6 vectors are simply the 16 vectors obtained by adding any row of 
the array to any column. The last glue-component is, of course, the empty 
word o, of weight 0. 
The (extended) Golay code g,, can be obtained by glueing anfs to a g,, . 
The 8f,-places form a code-word, so that we only glue even subsets of them 
to the g,, , and complementary subsets glue to the same words. The 35 parti- 
tions offa as 4 + 4 are glued to the 35 quartets of 4 special tetrads of g,, , 
and the 28 partitions 2 + 6 glue to the 28 glue-components of minimal 
weight 6, so that the minimal weight of gz4 is 8. In Figure (MOG), due to 
R. T. Curtis (2), the left-hand “bricks” show the 35 partitions 4 + 4 of anfs , 
and the right hand “squares” show the quartets of g,, that they glue to. 
(The correspondence between the 28 pairs in fs and the other 28 glue- 
components for g,, must be deduced by addition.) The diagram, therefore, 
specifies a g,, . 
It is a remarkable fact that this gza has the 6 automorphisms that bodily 
permute the three bricks of the figure, without otherwise disturbing their 
contents. So we can read off from the figure not only all the octads that meet 
the left-hand brick in 4 points, but also all those that meet the center, or the 
right-hand brick, in 4 points, just as easily. The only other octads are the 
three bricks themselves. 
It is not hard to show that the G,, for g,, is of order 16, being generated by 
the permutations with actions 
on the 4 x 4 array. To compute the entire order of its automorphism 
group, we find it convenient to introduce 8 “ghosts,” which are necessarily 
permuted among themselves by any automorphism of g,, . 
The point is that the glueing between g,, and fs that produces g,, establishes 
an isomorphism between the glue-space for g,, and the even subsets of the 
8 positions A, B, C, D, E, F, G, H offs , provided that we regard each 
even subset as the same as its complement. So we can name the 64g,, 
glue-components by these even subsets, modulo complementation, and any 
G,-element for G,, must permute the 8 ghosts, A, B, C, D, L?, F, G, H. It 
turns out that only the even permutations are induced, so that G, has order 
l/2 . 8 ! = 20160, and, therefore, G for g,, has order 16 x 20160 = 322560. 
The ghosts do much more for us than enable us to evaluate this group order. 
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If ever we have a code C with a subcode g,, as a component, we can use the 
ghosts to specify the glueing of g,, . So, for example, when we say that the 
glue-component AB of g,, is to be glued to wzw3 -se, we mean that the 32 
words of gI, that glue to AB offa in g,, are now to be glued instead to w,w, -.*. 
As we have already pointed out, the minimal weight of any of these 
words is 6, which is attained by 16 of them. 
We can play the same trick with various other subcodes of g,, , and we 
have found it very helpful. The code g,, consists of all the g,, code-words 
that are 0 in some two fixed positions A and B (with those positions deleted), 
Since g,, can be regarded as g,, glued tofi , there are just 4 glue-components 
for g,, , namely-those glued to (the empty set), A, B, and AB, and they have 
minimal weights 0, 7, 7, 6. Once again we name these glue-components by 
the sets offi that they glue to. 
In a similar way, we have a code g,, that arises from the g,, code-words 
that vanish in 4 fixed places A, B, C, D, and this has 16 glue-components 
named from the corresponding sets in f4: 
-9 of minimal weight 0 
-4 4 C, D, of minimal weight 7 
AB, AC, AD, BC, BD, CD, of minimal weight 6 
ABC, ABD, ACD, BCD of minimal weight 5, 
and ABCD of minimal weight 4. 
There is also a code g,, from the gz4 words that vanish in 6 places A, B, C, 
D, E, F that do not form part of an octad of g,, , and it has 64 glue-components 
corresponding to the subsets of these letters, an n-element subset yielding 
minimal weight 8 - n, except that the set ABCDEF itself yields minimal 
weight 6 rather than 2, since it is contained in no octad. 
For convenience we list the Go of the groups discussed above and their 
orders. 
For g,, the group is Mz4 of order 210335 . 7 . 11 .23. 
For g,, the group is M,, of order 27325 * 7 * 11. 
For g,, the group is M,, of order 20 .48. 
For g,, the group has order 3. 
Thiscanbeseen in the MOG. Without loss of generality wecan take the top row 
for the fixed points and notice that the rotation of the last three rows is in Go. 
THE HALF-CODES h, AND THE QUARTER-CODES qn 
Let t be a tetrad consisting of any 4 positions of g,, . Then the code h,, 
of all g,, code-words orthogonal to t has dimension 11, and so just 4 glue- 
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components that we may call o, C, g, t + g, where for representatives we can 
take 
o = the empty word 00000 *+. minimal weight 0 
t = the tetrad itself minimal weight 4 
g = a g,,-word not orthogonal to t minimal weight 8 
t+g= thesumoftandg minimal weight 6. 
The code h,, has G, of order 263 . 6! since it is that maximal subgroup of MZ4 
which stabilizes the sextet of tetrads congruent to t (mod g,,) (1). 
Let t, U, u be three tetrads for which t + u + u = 0. Then the code qZ4 
of all gZ4 code-words orthogonal to t, U, and ZI has dimension 10, and so there 
are 16 glue-components which are generated by t, u, p, q, where p is an octad 
in g,, orthogonal to t but not to U, and q is one orthogonal to u but not to t. 
Defining r = p + q for symmetry, we find that the 16 glue-components 
have minimal weights as follows: 
the empty word minimal weight 0 
t, u, v, p + t, 4 + u, r + v minimal weight 4 
t + q, t + r, u + p, u + r, v + p, u + q minimal weight 6 
P, 4, r minimal weight 8. 
Of course, when we speak of the glue-component r + v, say, we are 
referring not to the vector r + v but rather to its image in q214/qza . The 
minimal weight of the glue-component r + u (say) need not be the same as 
the weight of a particular representing vector r + u. The code qz4 has Go 
of order 21° . 3, a subgroup of the trio group in M24 (1,2). 
METHODS USED FOR OBTAINING CODES 
The codes that contained d,s were found as follows. Any such code, C, 
yields a self-dual 24code C’ whose code words are precisely the words glued 
to o or b in d, . We knew from reference (6) all the self-dual 24-codes, and 
from them could write down the required codes C. 
Codes that contained 2e, were next found as follows. The glue-words for 
such codes have one of the forms 
Now 00, od, dd, do have respective minimal weights 0, 3, 6, 3, and these are 
congruent modulo 4 to the minimal weights 0, 3,2,3, of the glue-components 
o, a, b, c for de . So any 32-code containing 2e, yields a 24-code containing de 
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when we we remove the 2e, and substitute the d6, provided that we take care 
to glue words that formerly glued to 00, od, dd, do to o, a, b, c respectively. 
Since we knew all the doubly-even self-dual 24 codes, we examined them 
for d,-containment and made the appropriate substitutions. We next found 
codes that contained e, + d, by substituting for d4 + fi in a similar way. 
Several processes including divination found for us the two codes 
e7+44+f9,e7+4+g21, and the counting formula then told us we had 
every code including an e7 . 
Codes containing 2d, were found by substituting f4 , and codes containing 
da + 2d, by substituting fs . Divination and counting were then used to 
complete the list as before. 
Codes that contained no tetrad-generated codes other than d4 posed the 
major problem. We found those containing 8d, by an exhaustive (and 
exhausting!) search, likewise those containing 6 or 5 d4s. We then counted 
the numbers of ways all our known codes contained nd, (0 ,( n < 4) and 
were able to deduce this information for the then unknown codes. The 
numbers produced suggested various group orders which were a great help 
in divining the unknown codes of this kind. 
THE CODES CONTAINING NO TETRADS 
It turns out that there are just 5 inequivalent length 32 self-dual doubly-even 
codes that contain no subcode d4 (tetrad), and so have minimal weight 8. 
Two of these were previously known, namely the quadratic residue code qs2 
whose group is PSL,(31) of order 15 . 31 * 32, and the Reed-Muller code r,, 
whose group is 25PSL,(2) of order 25 .31 * 30 .28 + 24 . 16. 
The counting formula produced the number 
569 
2r53Y - 7 
for the sum of the reciprocals of the group orders of the remaining codes. 
Since 215325 -7 = 2s . 8! we guessed that there might be a code of group 
order 28 * 8 ! to be found. This code was actually found by “switching” the 
second code of our list that had components 8d4 (the first gives the Reed- 
Muller code), but it was later seen to be best regarded as obtained by glueing 
two g,,-codes by performing an odd permutation on the 8 ghosts of their 
glue-components. Taking this permutation as (AR), we therefore glue, for 
example, ACFG from the first g,, to the set BCFG obtained by interchanging 
A with B, while a set such as DEFH (or ABFH) is glued to the same set from 
the other g,, . 
It can be shown that the partition into two g,,s is preserved by all auto- 
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morphisms, so that the group order is 2s x l/2 * 8! x 2 = 2* *8! = 20643840, 
as divined, i.e., Go(g,$ x G,(g,,) X G, (interchanging the two glBs). 
The next code was obtained by switching the remaining code with com- 
ponents 8d,. To switch a code C with respect to some 8-element set K, 
supposed not in it, we simply adjoin K to the subcode consisting of all words 
of C that are orthogonal to K. To destroy all the weight 4 words of 8d,, 
we must take K to consist of one point in each of them, and, using the G, of C, 
we have sufficient symmetries to say that any one such K is the same as any 
other. Taking K to consist of the leading points in the d4 components of the 
third 8d, code, we find (by a rather complicated argument) that the partition 
into 8 4-sets is still preserved under all automorphisms and so can evaluate 
the group in the usual way, finding G,, = 1, G, = 256, G, = 336, and so 
l/G = l/256 x 336 = 120/2153Y . 7, leaving 448/215325 . 7 = 1/256! for the 
sum of the reciprocals of the groups orders of the remaining codes. 
This suggests naturally that we look for a single code of group order 25 . 6! , 
and we found it by a process we called inversion from one of our 6d, + fs 
codes. Inversion is really the substitution of one fs on A, B, C, D, E, F for 
another, with glue-words of even weight being left undistrubed, but those of 
odd weight (such as ACF) being replaced by their complements (BDE). 
After a complicated argument, we found that a basis for this code could be 
chosen as follows; supposing that the 32 positions are arranged as two 4 x 4 
arrays:- 
-too0 ++++ 
0000 -too0 
0000 +ooo 
0000 -too0 
0000 +ooo 
-too0 ++++ 
0000 +ooo 
0000 +ooo 
0000 J 000 
0000 +ooo 
+a00 ++++ 
0000 +ooo 
0000 GO00 
0000 too0 
0000 +ooo 
+ooo ++-t+ 
o+oo ++++ 
0000 o+oo 
0000 o+oo 
0000 o+oo 
0000 Of00 
a+00 ++++ 
0000 Of00 
0000 Of00 
0000 o+oo 
0000 o+oo 
o+oo +++-t 
0000 o+oo 
0000 o+oo 
0000 o+oo 
0000 o+oo 
o+oo ++++ 
OOfO ++!-+ 
0000 oo+o 
0000 OOfO 
0000 004-o 
0000 OOfO 
oo+o ++++ 
0000 oo+o 
0000 oo+o 
0000 oo+o 
0000 oo+o 
oo+o ++++ 
0000 oo+o 
0000 oo-to 
0000 oo+o 
0000 oo+o 
oo+o ++++ 
000 + ++++ 
0000 ooo+ 
0000 000 + 
0000 000 + 
0000 000 + 
OOOf ++++ 
0000 000 + 
0000 000 + 
0000 000 + 
0000 ooo+ 
000 + +-I-++ 
0000 ooo+ 
0000 000 + 
0000 000 -t 
0000 000 + 
OOOf ++++. 
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In other words, the typical basis element has one non-zero entry in the 
left array, and 7 in the right, which are precisely those in the row and 
column through the element that corresponds to the non-zero entry in the 
left array. 
The partition into 16 pairs obtained by mating an element from the left 
array with the corresponding one from the right array can be shown to be 
preserved under all automorphisms, so that there is an invariant projection 
onto a single 4 x 4 array (take the sum of the left and right arrays). The 
doubly-even part of the resulting code is a gl,, and the 16 generators for our 
code project exactly onto the 16 6-sets that glue to the ghost set AB, so that 
the group induced on the projection is part of the stabilizer of AB in the 
automorphism group of G1, . This contains all 24 elements of the G, of g,, 
(which fix all 8 ghost letters), and a subgroup S’, of the A, which g,, induces 
on its 8 ghosts. It turns out that all of this 2*& is realized, and that there is 
just one additional element which bodily interchanges the two 4 x 4 arrays, 
and so maps onto the identity in the projection. The entire group, therefore, 
does indeed have the required order 2 5 * 6! , completing the enumeration. 
THE SINGLY-EVEN CHILDREN OF A DOUBLY EVEN CODE 
Let C be a self-dual (2n, n) code that is not doubly-even. We shall suppose 
for definiteness that 2n = 24,26,28, or 30. Then C has a unique subcode D 
of index 2 with the following properties:- 
every word of D has weight of form 4k 
every word of C\D has weight of form 4k + 2. 
We can, therefore, obtain a doubly-even self-dual code C* of length 32 by 
glueing D to a dszezn as follows:- 
glue words of D to the glue-component o of d32--21L 
glue words of C\D to the glue-component b of d,,-,, . 
Plainly C determines two equivalent (32, 16) doubly-even codes either of 
which we call C*, and we say that C is a child of C*. In a similar way, the 
singly-even self-dual codes of lengths O-6 are the children of e8, those of 
lengths 8-14 the children of e8 + e, and dls(u), while those of lengths 16-22 
are children of the doubly-even self-dual codes of length 24. Analoguously a 
doubly-even C of length 8, 16, or 24 can be glued, using empty glue, only to e, 
and is also called a child of C* = e8 + C of length 16, 24, or 32. So to find 
all the self-dual binary codes of lengths up to 30 we need only enumerate the 
children of the doubly-even ones of lengths 8, 16,24, 32. It is clear how to find 
all doubly-even children of a doubly-even code. 
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To find all the singly-even children of a (2m, m) doubly-even code (where 
2m = 8, 16,24 or 32) it suffices to enumerate the inequivalent ways in which 
it contains subcodes of the form d2 , d4 , de, or d, . The precise meaning of 
the word inequivalent here is rather subtle, and so we shall discuss cases 
individually. 
For a (2nr - 2, m - 1) code C, we must enumerate occurrences of d2 in C*. 
Since a d, is just the free code on two positions (fi), C will be obtained from 
C* as follows: pick any pair of coordinate positions in C*, and consider all 
vectors in C* that are oo or I1 (i.e. o or b) in those two positions. Then 
deleting these two digits from such words gives the desired child C. For 
example, in the (24, 12) code 4, + e8 , there are two inequivalent pairs in d16 , 
one pair in e, , and one pair of coordinates consisting of one coordinate from 
d16 and one from e, . This gives the entry 4 in the ng2 column. The sum of the 
entries in nz2 is 25, the number of inequivalent (22, 11) self-dual codes (8). In 
any 4, Y > 4, there are two inequivalent pairs, in e7 and e8 all pairs are 
equivalent. The situation for d4 has to be investigated for each individual code 
to see if there is one pair or 2 or 3 inequivalent pairs. This information is 
provided by G1 and G, . Also, each fn , for n > 2, has to be investigated 
individually to see how many inequivalent pairs are in it. 
To locate a (2m - 2i, m - i) child of C* we must find a dzi in C*, and we 
then obtain C by deleting the positions of dzi from those words of C* which 
restrict to o or b in those positions. If 2i > 4, and 2~ 3 2i, then up to 
equivalence there is just one occurrence of dzi in d,, , one in e7 if 2i < 7, 
and one in e8 if 2i < 8. For example, to find the (24, 12) children of d16 + 2d, 
we must enumerate the inequivalent occurrences of d8 in this code. But the 
two d, components are equivalent (since G, = 2), and so there is one type 
in the d18 and one type in a d, , giving two in all. In the table, we have, there- 
fore, written 2 in the column nz4 for this code. 
The situation when 2i = 4 is rather different. Here to determine C from C* 
we must pick out a tetrad that is a code-word of C*, and then make a choice 
of which of the corresponding glue-components x, y, z for this tetrad we 
are to take as the glue-component b of d4 . We shall regard the choice of d4 
as involving a particular choice for b. To within this kind of equivalence 
there is just one kind of dJ in an e7 or e, , but two kinds in a d,, (2r > 6), 
according as we choose for b a duad of d,, or not. Thus the (28, 14) 
children of d16 + 2d, correspond to the four types of inequivalent d4 in it, 
two types from d16, and two from a d, , expIaining the entry nzs = 4 for 
this code. 
When one of the components of C* is a d4 we must be even more careful, 
since this d4 can be counted up to three times for deletion purposes, according 
as we choose b = X, y, or z. These need not all give inequivalent children- 
for instance if only x and z are interchanged by automorphisms of C* we 
should get just two inequivalent children from the given da. So in this 
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TABLE I 
(8,4), (16, 8), and (24, 12) Self-Dual, Doubly-Even Codes and Their Self-Dual Children 
Components I G, 1 1 Gz I generators for glue 
1 1 1 1 
44 %a nlo n8 
2 2 1 1 
2 1 1 1 
nz2 nzo n18 nlo 
2 2 1 1 
4 3 2 2 
3 2 1 1 
5 3 2 1 
2 1 1 1 
3 2 1 1 
3 2 1 0 
2 1 0 0 
1 0 0 0 
e. 1 1 14 
d 10 1 1 28 a 
26 1 2 28 00 
d 24 1 1 66 
40 -t e8 1 1 42 
24, 1 2 30 
dxO + 2e7 1 2 24 
36 1 6 42 
3do 1 6 18 
44 1 24 12 
64 3 720 6 
g24 1 1 0 
0 
a 
a0 
ab, ba 
ah, cod 
000 
(abb) 
(aaob) 
x(oyxyo), y(ozyzo), z(oxzxo) 
0 
TABLE II 
Weight Distributions for the (8,4), (16,8), and (24, 12) Codes 
1 14 1 
1 28 198 28 
1 0 759 2576 
1 6 735 2612 
1 12 711 2648 
1 18 687 2684 
1 24 663 2720 
1 30 639 2756 
1 42 591 2828 
1 66 495 2972 
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situation we must investigate the specific group of C* to see exactly what 
equivalences there are. 
As an example, we take the code e, + 6d, that we considered in some detail 
before. Here there are certainly just two types of tetrad, one in e, and one a 
d4 component, since we verified that G, contained all possible permutations 
of the d4 components. But we also verified that G, contained an element 
cycling x, y, z in each d4 component, and so all three give equivalent d4s for 
deletion purposes. So in this case, nz8 = 2. 
Since each child has a unique parent, this justifies Table V which derives 
the number of self-dual codes from the numbers of children in Table III. 
REMARKS ON THE TABLES 
Table I lists all self-dual, doubly-even (8,4), (16, S), and (24, 12) codes and 
Table III lists all self-dual, doubly-even (32, 16) codes. The components of 
each code are given, also the glue generators and the orders of G, and G, . 
The column headed uq gives the number of vectors of weight 4 in the code and 
this information is enough to determine the complete weight distribution 
of the code by means of the Gleason polynomials. These are listed in Tables II 
and IV. 
The columns nzi before each code give the numbers of (2i, i) children as 
just described. This listing of all (30, IS), (28, 14), and (26, 13) self-dual codes 
is new and the entries under nz4 add up to the 55 known non-equivalent self- 
dual (24, 12) codes (8). The non-equivalent self-dual codes derived from 
doubly-even (24, 12), (16, S), and (8, 4) codes are given in Table I. 
The “components” column is largely self-explanatory, but we might note 
that we have occasionally grouped the terms to suggest properties of the 
automorphism group-for instance d, + 2d, + de + d4 + fi denotes a code 
in which there is an automorphism interchanging the first two dG components, 
but no automorphism interchanging these with the third. In a similar way, 
we use 2d, + 6f4, rather than 2d, + fz4, for a certain code in which the 
24 places that meet no tetrads can be partitioned naturally into 6 sets of 4 
in a manner invariant under all automorphisms. 
The columns ) G1 1, / G, 1, uq have already been explained. Occasionally 
we have expressed the numbers j G, 1 or / G, I in such a way as to suggest 
some structural feature of the underlying group. j G, [ is not listed, since it 
can be found as the product of the 1 G, [ for the individual components. 
The column giving generators for the glue is rather more complicated. 
We have already explained the basic notation (0, x, y, z, a, b, c, A, B ,...) 
for glue-components and the use of (brackets) to indicate that certain 
sequences may be cyclically permuted. We have sometimes used * for an 
undetermined capital letter, different occurrences of * being replaced in such 
ENUMERATION OF SELF-DUAL CODES 
TABLE IV 
Weight Distributions for the (32, 16) Codes 
51 
1 0 620 13888 36518 
1 1 630 13839 36594 
1 2 640 13790 36670 
1 3 650 13741 36746 
1 4 660 13692 36822 
1 5 670 13643 36898 
1 6 680 13594 36974 
1 7 690 13545 37050 
1 8 700 13496 37126 
1 9 710 13447 37202 
1 10 720 13398 37278 
1 11 730 13349 37354 
1 12 740 13300 37430 
1 14 760 13202 37582 
1 15 770 13153 37658 
1 16 780 13104 37734 
1 17 790 13055 37810 
1 18 800 13006 37886 
1 20 820 12908 38038 
1 22 840 12810 38190 
1 23 850 12761 38266 
1 24 860 12712 38342 
1 26 880 12614 38494 
1 28 900 12516 38646 
1 29 910 12467 38722 
1 30 920 12418 38798 
1 32 940 12320 38950 
1 36 980 12124 39254 
1 38 1000 12026 39406 
1 40 1020 11928 39558 
1 44 1060 11732 39862 
1 50 1120 11438 40318 
1 56 1180 11144 40774 
1 60 1220 10948 41078 
1 80 1420 9968 42598 
1 120 1820 8008 45638 
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TABLE V 
Number of Inequivalent Self-Dual (n, n/2) Codes for n = 2 Until n = 30” 
n 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 
N 11122 3 4 7 9 16 25 55 103 261 664 
D n is the code’s length and N is the number of inequivalent self-dual (n, n/2) codes. 
This data is from Table I and III. 
cases by different letters. The symbol - denotes the empty set of capital 
letters. For example, the glue-generators ao(xvz)*, co(zyx) *, oxxxx-, 
ozzzz- given for d,, + 4d, +f, mean:- 
aoxyzA cozyxD oxxxx- 
aozxyB coxzyE ozzzz- 
aoyzxC coyxzF 
Occasionally we have used a colon: to separate glue-components. In such 
cases we have allowed ourselves to use the same capital letter with different 
meanings before and after the colon, where it seems that the structure is 
better indicated that way. For example, in the code 3d, + g,, + fi the letters 
A, B, C, D, E, F that appear before the colon represent the “ghosts” for g,, , 
while A, B after the colon refer to the two positions offi . 
In one case, listed as Zd, + (g,, + fS), we have deliberately described a 
code in terms of a partition that is not invariant under all its automorphisms. 
In fact, for this partition we find / G1 1 = 192, 1 G, 1 = 2, but the full 
automorphism group is three times as large as this would indicate, since 
there are three partitions of the 24 places in g,, + fs in this form. The code 
would be better named as 2d, + 3f8 , but we have preferred to use the above 
description and have entered 2 x 3 in the G, column because the glueing 
process is easier to describe in these terms. 
The numbers of inequivalent, self-dual, doubly-even codes are as follows. 
Length n 8 16 24 32 
Number of inequivalent codes. 1 2 9 85 
It can be seen that the number of codes grows quite rapidly with n and it is 
interesting to consider how many (40,20) such codes there could be. There 
are N = 2 * 3 * 5 *a* (218 + 1) codes altogether and these fall into equivalence 
classes of size at most 40! Hence there are at least N/40! classes, and this 
number exceeds 17,000. Of course, many codes have substantial auto- 
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morphism groups, so 17,000 might be a poor lower bound. However, even 
this weak bound makes it clear that it would not be sensible to enumerate 
the (40,20) self-dual, doubly-even codes. 
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